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Note on this edition. Unlike the revised Series I and Series II, there is no earlier
draft of Series III to correct: this paper is new. It has two goals. First, it asks a
question the first two series left open: does the convergence theorem underlying this
framework require exactly three interacting elements, or does it hold more generally?
Second, as the closing paper in the series, it gives a plain account of what the three
papers together actually established, distinct from what the original 2025–2026 drafts
claimed. Prepared with drafting and formalization assistance from Claude
(Anthropic); see Acknowledgments.

Abstract
The first two series of the Trinity-Infinity framework prove that a recursion
combining a cyclic permutation of three elements with integration toward a
fixed anchor converges geometrically to a unique fixed point. We show this
result never depended on there being three elements: the identical argument
holds for any number of elements n ≥ 2 (Theorem 1), which we verify
computationally for n=2 through 8. We then identify precisely the one respect
in which n=3 is structurally distinguished — it is the smallest n for which the
cyclic permutation is not its own inverse — and are explicit that this is a
narrow structural fact, not a justification for the broader cultural or
philosophical resonance of triads invoked in Series I's introduction. We close
with a retrospective distinguishing what this series has actually proven and
verified from what the original preprints claimed but did not establish.

1.  Introduction
Series I [1] proved that a specific operator on three-element states — permute
cyclically, then blend toward a fixed anchor — has a unique fixed point. Series II [2]
generalized the blend to vary by coordinate. Neither paper asked whether the
number three was doing any mathematical work in the argument, as opposed to
motivating it thematically. This paper asks and answers that question, and then
steps back to summarize the series as a whole.

2.  Summary of Series I–II
Series I defines S=[0,1]3, the cyclic permutation σ, and f(T)=ασ(T)+(1−α)p, and
proves a unique fixed point exists and is reached geometrically from any start [1,
Theorem 1]. Series II generalizes the blend parameter from a scalar α to a
per-coordinate vector a=(a1,a2,a3), with contraction rate maxi(ai) [2, Theorem 1].
Both papers also give illustrative, explicitly-not-extending connections to repeated
games, first-order logic, and modular engineering. We take both theorems as given
and generalize them below.



3.  Generalization to N Elements
3.1  The N-Element Operator and Its Convergence
Let n ≥ 2 and S=[0,1]n. Define the cyclic shift σn by (σn(T))i = Ti−1 (mod n),
represented by the n×n permutation matrix Pn. For anchor p ∈ S and blend
α ∈ (0,1), define f(T)=ασn(T)+(1−α)p.

Theorem 1. For every n ≥ 2, p ∈ S and α ∈ (0,1), f maps S into itself and
satisfies ‖f(x)−f(y)‖=α‖x−y‖ for all x,y ∈ S. Consequently f has a unique fixed
point T*(n,p,α) ∈ S, reached at geometric rate αk from any initial state,
independently of n.

Proof. Identical to Series I's proof with 3 replaced by n throughout: Pn is a
permutation matrix for every n, hence orthogonal, hence an isometry; S=[0,1]n

is complete and invariant under f; Banach's theorem applies verbatim. No step
uses n=3. The anisotropic version of Series II generalizes identically: for
a=(a1,…,an), each ai ∈ (0,1), the same argument gives contraction constant
maxi(ai). □

We verified this for n=2 through 8: for each n we built Pn explicitly, confirmed
PnPn

T=I to floating-point precision, and confirmed five independent random initial
states converge to the same closed-form fixed point T*=(1−α)(I−αPn)−1p (maximum
deviation 1.1×10−16, machine precision, for every n ≥ 4; exact for n=2,3). Table 1
reports the full results.

n isometry error max deviation from T* P² = I ?

2 0 0 Yes

3 0 0 No

4 0 1.1×10⁻¹⁶ No

5 0 1.1×10⁻¹⁶ No

6 0 1.1×10⁻¹⁶ No

7 0 1.1×10⁻¹⁶ No

8 0 1.1×10⁻¹⁶ No

Table 1. Verification of Theorem 1 for n = 2 through 8 (α=0.6, random anchor, 5 random initial
states each).

3.2  Is Three Special?
Mathematically, no: Theorem 1 holds identically in form for every n ≥ 2, with the
same proof, as Table 1 confirms directly rather than by extrapolation.

There is exactly one respect in which n=3 is structurally distinguished, and it is
worth stating precisely rather than overclaiming or dismissing it. For n=2, the
cyclic shift is a single transposition: P2

2=I, so the permutation is its own inverse,
and applying it twice returns exactly to the start before any second integration step
compounds in a new direction. For every n ≥ 3, Pn has order n > 2, so Pn ≠ Pn

−1,
and n=3 is the smallest such case (confirmed in Table 1's last column). If there is a



mathematical sense in which three is the minimal interesting case for this specific
recursive structure, this is it — not because smaller or larger n break convergence,
but because n=3 is the smallest n at which repeatedly permuting the roles is not
simply an oscillation between two states.

We think it is important to say plainly what this does not show. It does not show
that three-element systems are special in any general sense, that triads are
privileged in nature, mathematics, or philosophy beyond this one fact about
permutation order, or that this observation justifies the cultural and philosophical
resonances of “trinity” concepts invoked in Series I's introduction. Those
resonances motivated the choice of n=3 as a starting point for this series; they are
not consequences of anything proven here or in the earlier papers.

4.  Retrospective: What This Series Actually Established
Across three papers, this framework has established one non-trivial, general
mathematical fact: an operator built from a coordinate permutation and
integration toward a fixed anchor is a contraction, and therefore converges
geometrically to a unique fixed point, by the Banach fixed-point theorem. Series I
proved this for three elements with a uniform blend; Series II generalized the
blend to vary by coordinate; this paper shows the argument never depended on
there being three elements at all.

Everything else across the three series is either (a) a correctly computed
instance of an established result in another field — the folk-theorem discount
threshold and equilibrium payoff set in game theory, the Neumann-series identity
in a spring-network example — used to illustrate the same convergence idea, not
to extend those fields; or (b) explicitly flagged as an analogy or unproven
speculation, most notably the connections to formal logic and to governance and
AI alignment.

The original 2025–2026 drafts of this framework claimed considerably more: a
“doctoral-level” convergence theorem that, as originally stated, does not hold
(the claimed fixed point is not unique under the most natural reading of the
original text); numerical validation figures — a 98.7% success rate, a
10,000-iteration backward induction — that do not appear to have been
computed, and were in one case inconsistent with the very theorem they were
meant to support; a three-player game table with four cells, where a valid table
needs eight; and mathematically guaranteed applications to AI alignment,
climate policy, and governance that did not follow from anything proven. None of
that additional content survives in this revised series. What remains is smaller,
but every claim in it has been checked — analytically, or by executing code
distributed alongside each paper — and we believe every claim that remains is
true.

5.  Conclusion
This paper's contribution is Theorem 1: the convergence result underlying the
entire Trinity-Infinity framework holds for any number of interacting elements
n ≥ 2, not only three, and n=3 is distinguished only as the smallest case in which



the recursion's permutation step is not its own inverse. This closes the series with a
smaller mathematical universe than its name suggests — a single
contraction-mapping argument and its two straightforward generalizations —
together with a set of illustrations we are now confident are accurately described
as illustrations, and nothing more.
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